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Abstract 

For a subclass of Hitchin's generalised geometries we introduce and analyse the 
concept of a structured submanifold which encapsulates the classical notion of 
a calibrated submanifold. Under a suitable integrability condition on the ambi- 
ent geometry, these generalised calibrated submanifolds minimise a functional 
occurring as D-brane energy in type II string theories. Further, we investigate 
the behaviour of calibrated cycles under T-duality and construct non-trivial 
examples. 
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1 Introduction 



In this paper, we introduce and investigate a notion of structured submanifold 
for a subclass of Hitchin's generalised geometries. The most basic examples are 
provided by Harvey's and Lawson's calibrated submanifolds [19], a notion which 
has been intensively studied in Riemannian geometry, see for instance [28] and 
references therein. 

Recall that on a Riemannian manifold (M, g) , a differential form p of pure 
degree p is said to define a calibration, if for any oriented p-dimensional subspace 
L C T X M with induced Riemannian volume form vol, the inequality 

g X {Px,^L) <^TZ>L,\\g= 1 

holds (|| • || g denoting the norm on A P T*M induced by g). Submanifolds whose 
tangent spaces meet the bound everywhere are said to be calibrated by p. Ex- 
amples comprise Kahler manifolds with p the Kahler form, for which the cal- 
ibrated submanifolds are precisely the complex submanifolds. More generally, 
there are natural calibrations for all geometries on Berger's list, and calibrated 
submanifolds constitute a natural class of structured submanifolds for these. 
An important property of calibrated submanifolds is to be locally homologically 
volume-minimising if the calibration is closed. This links into string theory, 
where the notion of a calibrated submanifold can be adapted to give a geomet- 
ric interpretation of D-branes in type I theory, extended objects that extremalise 
a certain energy functional (cf. for instance [16], [17], [32] or the survey [15]). 

On the other hand, geometries defined by forms are the starting point of 
generalised geometry as introduced in Hitchin's foundational article [22] • The 
role of p-forms is now played by even and odd forms which we can interpret 
as spinor fields for the bundle TM © T*M endowed with its natural orientation 
and inner product which is contraction. The distinctive feature of this setup 
is that it can be acted on by both diffeomorphisms and 2-forms or B-fields 
B G fl 2 (M): These map X ® £ e TM © T*M to X © (XlB/2 + f) and spinor 
fields p e S± = Q ev ' od {M) to 

e B f\ p = (1 + B + B /\ B/2 + . . .) A p. 

In particular, this action preserves the natural bilinear form (• , •) on S = S + © 
S_ = ri*(M) and transforms closed spinor fields into closed ones if B itself is 
closed. 

Following this scheme, a generalised calibration will be an even or odd form 
which we view as a TM©T*M-spinor field p. The role of the Riemannian metric 
is now played by a generalised Riemannian metric Q, an involution on TM®T*M 
compatible with the inner product. Further, a generalised Riemannian metric 
also induces a norm || • ||g on S±. Both Q and the norm transform naturally 
under B-fields. However, it is not altogether clear what the B-field action 
ought to be on a submanifold. The solution to this is, taking string theory 
as guidance, to consider pairs (L,F) consisting of an embedded submanifold 
]L ■ L M and a closed 2-form F € fl 2 (L). A closed B-field B then acts on 
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this by (L,F) i— > + j* L B). With such a pair, we can associate the pure 

spinor field (cf. Section [372)) 



t l ,f = e F A 6 k+1 A... A 6»" GS|£, 

where the 6" e Q 1 (M)\ L define a frame of the annihilator N*L C T*M of L. 
The calibration condition we adopt is 

{p,Tl,f) <\\tl,f\\q> 

which therefore makes essential use of the generalised Riemannian metric^]. 
The first important result we prove is this (cf. Theorem 13.6(1 : 

Any spinor field of the form p ev < od = e B A Re([W L <g> # a ]^.°<*) defines 
a calibration, where ® is the complex form naturally associated 
with the bi-spinor \& i d> ®R £ A <g) A, for A the spinor bundle associated 
with TM. 

• For such a p, the pair (L, F) is calibrated if and only if 

M e A Tijj? || g 

where A denotes the so-called charge conjugation operator, c a complex 
constant and • the usual Clifford action of TM on A. 

This type of calibrations defines what we call a Gl x Gr- structure. Generalised 
G2-, Spin(7)- and S'?7(m)-structures [38], [39], [40], which are natural gener- 
alisations of the geometries of holonomy G2, Spin(7) and SU(m) to Hitchin's 
setup, are examples of these. This result also substantially extends work of 
Dadok and Harvey [14], [18] on classical calibrations defined by spinors. 
Further, calibrated pairs (L, F) locally minimise the functional 



S(L,F) = J \\T L , F \\g 



if the calibration form is closed. As we will explain, this integral represents 
the so-called Dirac-Born-Infeld term of the D-brane energy. Considering an 
inhomogeneous equation of the form dp — ip also accounts for the so-called 
Wess-Zumino term. We discuss the relationship of calibrated pairs (L, F) with 
D-branes in type II string theory as we go along. In particular, our definition 
of a generalised calibration embraces the cases discussed in [31J, [33J, [34J in the 
physics literature. 

The final part of the paper is devoted to T-duality. In string theory, this 
duality interchanges type IIA with type IIB theory and plays a central rdle 
in the SYZ-formulation of Mirror symmetry |36j. It is also of considerable 



1 For various other notions of generalised submanifolds in generalised geometry, where no 
metric structure is involved, see for instance [3] in the mathematical and |12| and |41| in the 
physics literature. 
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mathematical interest (cf. for instance [7], and [9J). Locally, T-duality is 
enacted according to the Buscher rules [lOj which have a natural implementation 
in generalised geometry. Our final result (Theorem 15. 6p states that if the entire 
data are invariant under the flow of the vector field along which we T-dualise, 
the calibration condition is stable under T-duality (as it is expected from a 
physical viewpoint) . We will use this to construct some non-trivial examples of 
calibrated pairs. 

Finally, we remark that our definition of a generalised calibration also makes 
sense for twisted generalised geometries [22], as we shall explain in the paper. 

The outline of the paper is this. Based on [22] and [23], we introduce the 
setup of generalised geometry in Section [2~1 We thereby considerably extend 
ideas developed in [40J by generalising the theory to Gi x G^-structures in 
arbitrary dimension and by incorporating twisted structures. Section [3] gives 
the definition of a generalised calibration and calibrated pairs. We investigate 
their properties and discuss first examples. Section |4] makes the link with string 
theory. Finally, Section [5] is devoted to T-duality and gives further examples. 
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2 Generalised geometries 

2.1 The generalised tangent bundle 
2.1.1 Basic setup 

Let M n be an n-dimensional manifold. The underlying geometric setup we will 
use throughout this paper is known under the name of generalised geometry 
and was introduced in Hitchin's foundational paper [22]. Its key feature is to be 
acted on by so-called B-field transformations induced by fl 2 (M). To implement 
these, we need to pass from the tangent bundle TM to the bundle TM © T*M. 
We endow TM © T*M with (a) its canonical orientation and (b) the metric of 
signature (n, n) given by contraction, nameljH 

(x®t;,x®o = x^ = t;(x). (i) 

Therefore, this vector bundle is associated with a principal SO(n 7 n)-fibre bun- 
dle Pso(n,n)- As GL(n) C SO(n,n), Pso(n,n) is actually obtained as an exten- 
sion of the frame bundle Pgl{u) associated with TM. Now take B S fl 2 (M) 

2 Our conventions slightly differ from |22| and [38] which results in different signs and scaling 
factors. 
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and think of it as a linear map B : TM — > T*M sending X to the contraction 
X^B = B(X, •). Then we define the corresponding B-field transformation by 

X © £ G TM © T*M ^ X © + ^IlB). 

This transformation can be interpreted as an exponential: For a point q G M, 
(T g M © T*M, (• , -) g ) is an oriented pseudo-Euclidean vector space of signature 
(n, n). Its symmetry group is SO(n, n), whose Lie algebra we may identify with 

so(n, n) = A 2 (T q M © T*M) A 2 T q M © T*M ® T q M © A 2 T*M. 

Hence, B 9 6 A T*M becomes a skew-symmetric endomorphism of T q M © T*M 
under the identification CA?7(Xffi£) = (C, X © £)£ - (77, X © = Xl(CAt?)/2. 
Applying the exponential map exp : so(n, n) — > SO(n,n), we obtain 

00 £?' 1 
exp(B (? )(A = E -yf )(* ® = * © £ + 
1=0 

as ^2 (X © = B q (X^B q )/2 = 0. With respect to the splitting T q M © T*M , 
we will also use the matrix representation 



Id 
\B q Id 



Further, TM®T*M admits a natural bracket which extends the usual vector 
field bracket [•,•], the so-called Courant bracket [13]. It is defined by 

{X © i, Y © rij = [A, Y] + Cxv - £y£ - \d{Xurt - Fl£), 

where C denotes the Lie derivative. If B is a closed 2-form, then exp(B) com- 
mutes with [•,•]. 

The inclusion GL(n) ^ SO(n, n) can be lifted, albeit in a non-canonical 
way, to Spin(n,n). It follows that the SO(n, n)-structure is always spinnable. 
In the sequel, we assume all base manifolds to be orientable, hence the canonic 
lift of the inclusiorJl GL(n) + SO(n,n) induces a canonic spin structure 
Pgl(u) + C Pspin(n,ri)+ with associated spinor bundle 

S(TM © T*M) = P GL(n)+ x GL(n)+ S. 

In order to construct the spin representations S for Spin(n,n), we consider its 
vector representation M. n,n which we split into two maximal isotropic subspaces, 
W n ' n = W®W . Using the inner product g = g n ' n , we may identify W with W*. 
Under this identification, g(w',w) = w'(w)/2, that is, we recover precisely ([I]). 
Now X © £ G W © W* acts on p G A*TU* via 

(Affi£)«p = -A L( o + £Ap. 



3 The notation G+ refers to the identity component of a given Lie group G. 
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This action squares to minus the identity, and by the universal property of 
Clifford algebras, it extends to an algebra isomorphism 

Cliff(n, n) = Cliff(W © W*) S End(A*VK*). (2) 

Our initial choice of a splitting into isotropic subspaces is clearly immaterial, 
as CHff(n, n) is a simple algebra, hence the representation ^ is unique up to 
isomorphism. The spin representation of Spin(n, n) is therefore isomorphic with 
S = A*W* and can be invariantly decomposed into the modules of chiral spinors 

S± = A ev > od W*. 

Moreover, after choosing some trivialisation of A n W* , we can define the bilinear 
form 

( P ,t) = [pAff e A n W* = R. 

Here, [•]" denotes projection on the top degree component and ~ is the sign- 
changing operator defined on forms of degree p by 

a* = (-l)P(P +1 )/ 2 a P. 

Then 

((X®Z)*p,T) = (-ir(p, (Iffi().r) 

and in particular, this form is Spin(n, n)+— invariant. It is symmetric for n = 
0, 3 mod 4 and skew for n = 1, 2 mod 4, i.e. 

(p,r) = (-l)"(" +1 )/ 2 (r,p). 

Moreover, S + and S~ are non-degenerate and orthogonal if n is even and totally 
isotropic if n is odd. 

We also have an induced action of the Lie algebra so(n, n). By exponentia- 
tion, B G A 2 W* acts on p £ S± via 

e B • p = (1 + B + ^B A B + . . .) A p. 

This exponential links into the -B-field transformation on W © W* via the 2-1 
covering map ttq : Spin(n,n) — > SO(n,n), namely 

nr iv B \- - J 15 _ ( Id \ . . 

™Q\ e Spin{n,n)) ~ e SO(n,n) ~ e SO(n,n) ~ \ B Id I ' ^ ' 

On the other hand, the element ^ Af 1 ^ © X m <E gl(n) C so(n, n) acts on p via 

J2 ATi 1 ®X m (p) = \Y. A T^^ m ] . p = ±Tr(A) + A*p, 

where A* p denotes the natural extension to forms of the dual representation of 
fll(ra). Consequently, 

S± = A ev ' od W* (g> VA n W as a GL(n)+-sp&ce, 
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and we obtain for the spinor bundle 



S± = S(TM®T*M) ± £* P GL{n)+ x Gi( „ )+ A e ^ od R n *®VA s l ; 

= A ev > od T*M VA n TM. 



The choice of a trivialisation of the line bundle \J A n TM, that is, of a nowhere 
vanishing n-vector field u, induces thus an isomorphism between TM © T*M- 
spinor fields and even or odd differential forms. Put differently, it reduces the 
structure group of M from GL(n) + to SL(n), for which the bundles S± and 
A ev,od T*M are isomorphic. We shall denote this isomorphism by Z v to remind 
ourselves that it depends on the choice of the n-vector v. Moreover, from a 
GL(n)+-point of view, the bilinear form (■ , ■) takes values in the reals, as for 
p,r G S = A*W* <gs VA n W, we have {p, r) G A n W* ® VA n W <g> VA n W = K. 
In particular, using the isomorphism we get 

(p, t) = v([Z»{p) A £^)]») G C°°(M). 
2.1.2 Twisting with an Mux 

More generally still, there is a twisted version of the previously discussed setup 
which is locally modeled on TM © T*M, leading to the notion of a generalised 
tangent bundle |23J. 

Let H G fl 3 (M) be a closed 3-form (in physicists' terminology, this is the 
so-called H-flux). Choose a convex cover of coordinate neighbourhoods {U a } 
of M, whose induced transition functions are s a b ■ Uab = U a H Ub — > GL{n) + . 
Locally, 

H ]Ua = dB {a) 

for some G fi 2 (C/ a ). Then we can define the 2-forms 

which are closed (this will be of importance later). On U a b, we can use the 
coordinates provided by either the chart U a or Ub, and consider /3' oh ' as a map 
from U a b — * A 2 R™* ; we denote this map by Pa^ or (3^^ . Any two trivialisations 

are therefore related by (3 a ab ^ = s*bPb and similarly for all other trivialised 
sections. Out of the transition functions 

S ab = y S Q b s -ut ^ e GL(n) + C SO(n,n) + 

of the bundle TM © T*M, we define new transition functions 

o a b = Sab o e 2/3 ^ ' = e 2/3 ° 1 o 5„i, : C/ a 6 — » 50(n, n)+. 
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These satisfy indeed the cocycle condition on U a bc 7^ 0, i-e. 



^ o S bc 



2/J (.W 

(<*> cW^bW D (<=h 



CTafc O CTbc = S ab O e" M " o , 

= S ab oe 2(B " TiJ *> 

= S ab oS bc oe^- B( ^ 

= S ac oe 2 ^ 

= f" 1 . 



o S bc 



(4) 



Therefore, we can define a vector bundle, the generalised tangent bundle, by 

e = E(#) = J] u a x (rer)/-^, 

where two triples (a,p, X © £) and (b,q,Y © 77) are equivalent if and only if 
p = q and X © £ = cr a fc(p)(y © £). A section t e T(E) can therefore be 
regarded as a family of smooth maps {t a ■ U a — > 1" © M™* } transforming under 
So = &ab{t b ). As the notation suggests, the generalised tangent bundle depends, 
up to isomorphism, only on the closed 3-form H. Indeed, assume we are given a 
different convex cover {U a } together with locally defined 2-forms B^ e il 2 (U' a ) 
such that H\ui = dB^ . This results in a new family of transition functions 

a 'ab = Sab ° exp(2/3£ fc ^ ). Now on the intersection V a — U a f~\U a , the locally 

defined 2-forms = sf^ - B^ are closed, and one readily verifies the 

family G a — exp(Ga^) to define a gauge transformation, i.e. 

a 'ab = ° °ab ° G b On V afc 7^ 0. 

In particular, the bundles defined by the families a a b and a' ab respectively are 
isomorphic. The sections of the bundle E(if) relate to T(TM © T*M) via the 
map £ : T(TM © T*M) -» r(E(#)) defined by 

^a(X a ®£a) = e 2B ^ (X a © = X a © B<°) (X a ) + 

This is indeed well-defined as 

Tba-M^affiCa) = X'^e, © (X b ) + &) 

= X 6 ©(^ 6) (X 6 )+6) 

= £b(S ha (X a ©£,))• 

Since the transition functions a ab take values in SO(n,n), the invariant ori- 
entation and inner product (•,•) on R™ © M n * render E an oriented pseudo- 
Riemannian vector bundle. Furthermore, twisting with the closed 2-forms (3^ ab " > 
preserves the Courant bracket, which is therefore also defined on E(H). Since 
any other choice of a trivialisation leads to a gauge transformation induced by 
closed -B-fields, this additional structure does not depend on the choice of a 
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trivialisation either. For the pseudo-Riemannian structure on E thus defined, 
we can also consider spinor fields. A canonic spin structure is given by 

o-ab = S ab • e IJ * = e p " • S ab , 

where S ab & GL(n) + C Spin(n, n) + denotes the lift of S a b and where we expo- 
nentiate to Spin(n, + , so that 7r o a ab = a ab- The even and odd spinor 
bundles associated with E are 

S(E) ± = ]JUaXS±/~z ab . 

a 

An E-spinor field p is thus represented by a collection of smooth maps p a ■ 
U a —> S± with p a — o ab • Pb- In order to make contact with differential forms, 
let v be a trivialisation of K n TM which we think of as a family of maps v a — 
A~ 2 z/ e A n R n with A" 2 e C°°(M). It follows that A 6 = ^/s^ • A&. The map 
: r(S(E)±) -» CT ' od (M) induced by 

££ a : (p a : U a - 5±) ~ (e" 5 ^' A A a • p a : £/ a - A e "' od R n *) 

is an isomorphism, and we usually drop the subscript E to ease notation. 
This transforms correctly under the action of the transition functions s a b on 
K ev ' od T*M , as one can show by using the fact that p a = a a b • p&. Indeed, over 
U a b we have 

s ab (e b AXb-pb) = X a V dets ab-e ° A s ab p b 
= X a ■ e a " A e Pa • Sab • Pb 

= X a ■ e- B '" a> A p a , 

or equivalently, ° &ab = s* o ££. The operators Z v and 8. relate via 

e • p) = -*l£» + e a £» =: {x e o • £». 

In the same vein, the Spin(n, n)-invariant form (• , •) induces as above a globally 

defined inner product on T(S) by (p,r) = v([Z v {p) A ifij)] 71 ). 

Twisting with closed S-fields allows the definition of a further operator, 
namely 

d v : r(S(£7)±) - r(S( J B) T ), (d„p)„ = A" 1 • d a (A a • Pa ), 

where d a is the usual differential applied to forms U a — > A*M n *, i.e. (da) a = 
d a OL a . This definition gives indeed rise to an E-spinor field, for 

Vab»{d u p)b = A" 1 • eA ab) A y/dcts ab ■ s* ab d b (X b ■ p b ) 
= A- 1 -d (e^° b) /\ S *a b (X b - Pb )) 

= (d u p)a- 
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The operator d v squares to zero and therefore induces an elliptic complex on 
r(S(£')±). It computes the so-called twisted cohomology, where on replaces the 
usual differential d of de Rham cohomology by the twisted differential dn = 
d + HA. 

Proposition 2.1. Let p G T(S(E)). Then 

£»(d„p) = d H £»(p). 

The assertion follows from a straightforward local computation. 

Remark: The identification of S(E)± with even or odd forms depends on 
the choice of the local -B-fields B^- a \ However, any othe£ choice leads, as we 
have seen, to a gauge transformation by closed 2-forms G^- a \ which therefore 
preserves the closeness of the induced differential forms. 

2.2 Generalised metrics 

In addition to the 3-form flux H and a nowhere vanishing n-vector field v G 
r(ATM), we now wish to build in a Riemannian metric to define generalised 
Riemannian metrics. 

Again, we first consider the bundle TM®T*M . Let us think of a Riemannian 
metric as a map g : TM — ► T*M, which is invertible in virtue of the non- 
degeneracy. With respect to the decomposition TM T*M, we define the 
endomorphism 

*-(!?)■ 

The _B-transform of Go induced by B £ Q 2 (M) is 

ys = e o C/o ° e 

(Id \ / g- 1 \ (Id \ 
= [b Id)°{ 9 )°{-B Id) 

( -g-'B g- 1 \ 
\ g - Bg- y B Bg- 1 J " 

To simplify notation, we will usually write Q (unless we want to emphasise the 
-B-field) and refer to Q as the generalised metric induced by g and B. Note that 
Q squares to the identity, and its ±l-eigenspaces give a metric splitting, i.e. 
an orthogonal decomposition 

TM®T*M = v + ®r. 

into maximally positive/negative definite subbundles . The restriction of 
(• , •) to V will be denoted by g±, Conversely, any metric splitting gives rise 
to an honest Riemannian metric g and B G Q 2 (M), whose corresponding gen- 
eralised metric has V± as ±l-eigenspaces [38j. In terms of structure groups, we 



10 



note that the global decomposition of TM © T*M into V + © V gives rise to a 
reduction from SO(n,n) + to 

e 2B SO{n, 0) x 5*0(0, n)e,- 2B S { ( A + ® \ \A ± :V ± ^V ± such that 

A* ± g± = g± and detA± = 1} 

= so(v + ) x so(y-), 

where SO(n, 0) x 5*0(0, n) is the subgroup preserving the eigenspace decompo- 
sition of Go- 

Definition 2.1. ([23], [38]) A generalised (Riemannian) metric for the gener- 
alised tangent bundle E(i/) is the choice of a maximally positive definite sub- 
bundle V + . 

Put differently, a generalised metric induces a splitting of the exact sequence 

-► T*M ->E^ TM -> 0. (5) 

We denote the lift of vector fields X £ T(TM) to sections in r(V+) by X+. 
Locally, X + corresponds to smooth maps X+ : U a -> R" © R"* with X+ = 
cr ab (X+), and X+ = X a © P+X a for linear isomorphisms P+ : R" -> R n *. 
From the transformation rule on {A+}, we deduce 

0(06) _ p+ _ * p+„, 
Ma — r a b ab*b * ba 

(where X a = s a b(X b )). As above, the symmetric part g a = (P^ + P a l_tr )/2 is 
positive definite, and since /3^ afc - ) is skew-symmetric, the symmetrisation of the 
right hand side vanishes. Hence 

\{Pa - < b P b +s ba + P a +tr - s* ab P+*s ba ) =g a - s* ab g bSba = 0, 

so that the collection g a : U a — > Q 2 R n * of positive definite symmetric 2-tensors 
patches together to a globally defined metric. Conversely, a Riemannian metric g 
induces a generalised Riemannian structure on E(if): The maps P a = +g a 
induce local lifts of TM to E which give rise to a global splitting of . 

Proposition 2.2. A generalised Riemannian structure is characterised by the 
datum (g, H), where g is an honest Riemannian metric and H a closed 3-form. 

Remark: Of course, the negative definite subbundle V~ also defines a splitting 
of (0. The lift of a vector field X is then induced by X~ = X a © P~ X a with 

In presence of a metric, we can pick the canonic n-vector field locally given 
by v g \u a = (detg|;/ a ) _1 / 2 9 x i A ... A d x n-. We shall write £ for Z Vg . From our 
original choice v this differs by a scalar function, i.e. v — e 2 ^v g for £ C°°(M), 
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so that £" = e~^Z. We then write £^ = £" and d$ — d v . For reasons becoming 
apparent later, <f> is referred to as the dilaton field. 

A generalised metric also induces further structure on spinor fields. On every 
fibre T q M © T*M, the straight generalised metric Go acts as a composition of 
reflections. Namely, if ei, . . . , e„ is an orthonormal basis of T q M, then is 
spanned by = tk © ±p(efe) and 



where i? - denotes reflection along v k . Hence its lift Go to Pin(n, n) is given, 

k 

up to a sign, by the Riemannian volume form 

Go = ™ v - = Vi • . . . • v~ 

on V~ . The operator Go is therefore globally well-defined. Note that Go pre- 
serves^or reverses the natural orientation on TM © T*M if n is even or odd, so 
that Go preserves or reserves the chirality of TM © T*M-spinor fields accord- 
ingly. There is an alternative description of its action which will turn out to be 
useful. For this, we denote by 3 the natural isomorphism between CHS(TM,g) 
and A*T*M. Recall that for any X £ TM and a € Cliff(TM, g) of pure degree, 

Z(X ■ a) = -XJS(a) + XA 3(a), 3(a ■ X) = (-l) dc s( a ) (XuJ(a) + X A 3(a)) . 

Moreover, 

* g 3(a) = 3(2 • Wg) 

where w g denotes the Riemannian volume form on TM as well as its image in 
Cliff(TM 7 g) under 3 by abuse of notation. If ~ is the involution defined by 
~ev,od _ ± a ev,od^ then w g ■ a — a ■ zo g if n is odd, while w s ■ a = ±a • w g for n 
even. By computing 

Z{dl ..... C . 3(3^ (/>))) = ±£(3K • r\p))); 

where the sign depends on n = rk TM, we deduce that £(Gop) is equal to 
*g£,(p) for n even and ± * 9 £(p) for n odd and p of even or odd parity. For a 
-B-field transformed Riemannian metric with = exp(2B)(D ± ), we conjugate 
Go by exp(2_B) and therefore zu D - by exp(B) in view of ([3]). Hence vjy- • p = 
e B • wu- • e~ B . p. Up to signs, G therefore coincides with the D-operator 
in [38]. The twisted case follows easily, for instance if n is even, 

£a(^7y- a • Pa) = £ Q (e s ° ' • n7 D - a . e~ s « ' . p a ) 

= TZ>D-a • £a(Pa) 
= * Sa £ a (Pa)- 

Proposition 2.3. If V + defines a generalised Riemannian metric, then the 
action of G = m v - on S(E)± is given by 

~ , in even: * £(p) ~, , lN 
Z(Gp) = { =--G(£(p)), 
{ n odd: * 5 £(p) 
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where g is the Riemannian metric induced by V + . 
Note that 

g2 = (_ 1 y l (n+l)/2 Id &nd (0p, T ) = (-l)*(»+l)/ 2 (p,0 T }. 

In particular, Q is an isometry for (• , •) and defines a complex structure on S(E) 
if n = 1,2 mod 4. Moreover, given a generalised metric, we define the bilinear 
form 

± {p,t) = ±(-l) m (p,g T ) on S(E)±, n = 2m, 2m + 1. 
Then for n = 2m (and similarly for n — 2m + 1), 

q ± (p,t) = ±(-ir(p,g T ) 

= ±(-ir%[£( P )A(* s £(^)) A r 

= g(£(p),£(r)), 

where we used the general rule -ka ev ' od = ±(—l) m *a ev ' od . We shall denote the 
associated norm on S± by || • \\g. 

If the manifold is spinnable, the presence of a generalised metric also implies 
a very useful description of the complexified spinor modules S(E)± <£> C as the 
tensor product A n (TM) (g) A n (TM) of the complex spin representation A„ of 
Spin(n, 0). From standard representation theory, we have algebra isomorphisms 



Cliff '(TM,±g) CliS[TM®<C,g c ) = 



n even: Endc(A„) 
nodd: End c (A„) End c (A„) 

(6) 

The module A„ is the space of (Dime) spinors and, as a complex vector space, 
is isomorphic with C 2 '" /2 ' . Further, A„ carries an hermitian inner product q 
for which q(a = q($>,a ■ $), a £ ClifSTM ® C, g c ). By convention, we 

take the first argument to be conjugate-linear. Restricting the isomorphism |(6|) 
to the Spin groups of signature (p, q) yields the complex spin representation 
Spin(p,q) —> GL(A p+q ). If p + q is even, then there is a decomposition A p+g = 
A p+q . + Q)A p+ q t - into the irreducible Spin(p, ^-representations A p+9i ±, the so- 
called Weyl spinors of positive and negative chirality. Finally, in all dimensions, 
there exists a conjugate-linear endomorphism A of A„ (the charge conjugation 
operator in physicists' language) such that [37] 

A(X ■ *) = {-l) rn+1 X ■ A(V) and A 2 = (-l) m(m+1)/2 /d, n = 2m, 2m + 1. 

In particular, A is S'pm(n)-equivariant. Moreover, A reverses the chirality for 
n = 2m, m odd. We define a S'pin(n)-invariant bilinear form (which, abusing 
of notation, we also write A) by 

for which 

A(V, $) = (-l) m(m+1)/ M($, and A(X •*,$) = (-l)" l ^(*, X ■ $) 
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if n = 2m, 2m + 1. We can inject the tensor product A„ (g> A„ into A*C" by 
sending $i® to the form of mixed degree 

[9 L <g> . . . ,X B ) = (Xj A ... A X„) • 

In fact, this is an isomorphism for n even. In the odd case, we obtain an iso- 
morphism by concatenating [• , •] with projection on even or odd forms, which 
we write as [• , ■] ev ' od . Since this map is £pm(n)-equivariant, it acquires global 
meaning over M, and we use the same symbol for the resulting map A n (TM) ® 
A„(TM) — > il ev ' od (M) (referred to as the fierzing map in the physics' litera- 
ture). Next we define 

[•, •] ee ^ od : r(A n (TM) <g> A„(TM)) '''^T Vt ev ' od {M) <g> C ^ r(S(E)± <g> C). 

A vector field X acts on TAf-spinor fields via the inclusion TM <—> Cliff(TM, g) 
and Clifford multiplication. On the other hand, we can lift X to sections X^ 1 
of V ± which act on E-spinor fields via the inclusion V ± <-> Cliff{TM © T*M) 
and Clifford multiplication. To see how these actions are related by the map 
[• , we use the fact that the orthogonal decomposition of TM © T*M into 
V + © V~ makes ClifKTM © T*M) isomorphic with the twisted tensor product 
Cliff{V + )®Cliff{V~% The vector bundles {V ± ,g±) are isometric to (TM, ±g) 
via the lifts X £ Y{TM) h-> X ± £ T(y ± ). By extending X®Y ^ X + • Y~ to 
ClifRTM © T*M), we get a further isomorphism 

Cliff {TM, g)® Cliff {TM, -g) = Cliff {V+ © V - ,^ © <?_). 

Proposition 2.4. We /iaue 

[X-y L ®t> B f = (-l)«(«- 1 )/ 2 X+. [*£<8*il] S , 

Proof: Fix a point q £ U a and an orthonormal basis ei, . . . , e„ of T g M. To 
ease notation, we drop any reference to q and U a and assume first B a — 0. By 
definition and the properties of A recalled above, 

[e 3 ■ * L © = ^ ?(^(ej • e A ■ *fl)ex 

K 

= (_l)»(n-D/a+i £g(,t(* x ),e, • e A • * fl )e A ' 
if 

= (_l)»(»-i)/2+i (-e^e* + A ex) ■ *fl)e A ' 

if 

= (-l)»(™-D/ 2 (^ e iL ejf • * fl ) ej A fouejc) - 

3'6K 

^ q(A(W L ),ej A ex • * A )e jL (e J A e K )) 

= (-l)»(«-D/ 2 ( - e^+g{ ej ) A) • ® 

The twisted tensor product 55 of two graded algebras 21 and 03 is defined on elements of 
pure degree as a§f> ■ a'®6' = (-l) dc g( b )' dc g( a ') a ■ a'®6 ■ b' 
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Compounding with £ 1 , we therefore get 

[X-9 L <8> * R ] So =X+m [* L ® * it ] e °. 
For non-trivial local B-fields B^ a \ we have 



The second assertion follows in the same fashion. ■ 

A first, but important observation is that E-spinor fields corresponding to 
bi-spinor fields are "self-dual" in the following sense: The element wy- in 
CHff(V + V~) corresponds to l®m g , so that 

^ *J?j S = (-1)"^ L ^ Wg ■ V R f 

for n — 2m and 

G[9l ® = (-l) m [*L 

for n = 2m + 1 . By standard Clifford representation theory, the action of the 
Riemannian volume form zu g on chiral spinor fields is given by 



(7) 



m g ■ *± = ±(-l) m ( m + 1 )/ 2 i m tf±, if n = 2m, 
ru g • * = (_i)™(m+i)/2 j if n = 2m + 1. 

From this we deduce the 

Corollary 2.5. Lei ^l,r G A n . 

(i) If n — 2m and ^l,r are chiral, then for ^ R £ A± 

C7[* L ® = ±(-i) ro ( Tn - 1 >/ 2 i m [* £ ® 

(ii) If n = 2m + 1, then 

C7[* L <g> = (-l) m ( m - 1 )/ 2 i m+1 [* L V*K] e . 
2.3 Crx x G^-structures 

Within the generalised setting, further reductions can be envisaged. For the 
theory of generalised calibrations we are aiming to develop in Section [3J, a par- 
ticular class of generalised structures is of interest. These generalise special 
geometries defined by TM-spinor fields: 
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Example: A G^-structure on a seven-fold M 7 is defined by a 3-form ip with the 
property that for all p G M, ip p G A 3 T*M lies in the unique orbit diffeomorphic 
to GL(7)/G2- The structure group therefore reduces from GL(7) to Gi- Since 
G2 C 50(7), ip induces a Riemannian metric. Conversely, fix a Riemannian 
metric g. If the manifold is spinnable, we can consider the spinor bundle A(TAf) 
associated with Spin(7). Its spin representation A is of real type, that is, it is 
the complexification of an irreducible real spin representation An = R 8 . The 
unit sphere is diffeomorphic to Spin(7)/G2 and therefore, a unit spinor field 
also defines a G2-structure. This links into the "form" definition via the fierzing 
map [•,•], namely 

[*® = 1 - y--k g y + m g . (8) 

To make contact with generalised geometries, we note that x G C" 1— > ix G 
C" extends to a Clifford algebra isomorphism Cliff(R n , g) ® C = CliS(R n ,-g) ® 
C. Restricted to Spin(n,0) C ClifKM™ , g) ® C, this gives an isomorphism a G 
Spin(n : 0)^2e Spin(0,n). Then F = Yf.. .-Yzi G Spin(0,n) acts on * G A n 
by H • ^, so that by Proposition 12,41 

[*l ® £ ' = (-1)'£~ • [*l ® = IT • [*l ® 

Corollary 2.6. [■ , •] is Spin(n,0) x Spin(0,n)-equivariant. 

Consider now a Riemannian spin manifold {M,g) and two subgroups Gl^ C 
Spin(n,0) which stabilise the collection of spinor fields {^L,j} and {^R,k} re- 
spectively. We identify Gr with its image Gr in Spin(0,n). The tensor prod- 
uct A(TM) ® A(TM) is associated with a Spin(n,0) x Spin(0, n)-structure, 
and the collection of bi-spinor fields {$Lj <£> ^fl.fc} induces a reduction to 
Gi x Gjj (or more accurately to Gl x G^j, but we will usually omit this) inside 
Spin(n,0) x Spin(0,n). By the previous corollary, [•,•] maps this bi-spinor 
field to a Gl x Gr c Spm(V^ + ) x Spin( )-invariant E-spinor field, where 
Spin(V + ) x Spin(V~) comes from the generalised metric on E. For instance, 
taking up the previous example leads to the notion of 

Generalised G2-structures [38]. A generalised G2-structure can be defined 
in either of the following three ways: 

• by the datum (g, H, &r), where ^l, are two real unit spinor fields 
which reduce the Spm(7)-structure Ps P in(7) to the principal fibre bundles 
Pg 2 l anc l Pg 2R respectively. 

• by a principal G2L X G2.R- fibre bundle to which the Spin(7, 7)+-principal 
fibre bundle associated with E reduces. 

• by an even or odd E-spinor fields p whose stabiliser is invariant under a 
group conjugated to G2L x G2R. It is implicitly defined by 

&{p) = [*L <8> ^R] eV '° d . 

The even and odd spinor field are related by G(p ev ) — p od 
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Generalised SU (3) structures [25j , |26j. In dimension 6, we have an iso- 
morphism Spin(6) = SU(4) under which the complex spin representations A± 
are isomorphic with the standard vector representations of SU (4) and its com- 
plex conjugate, namely C 4 and C 4 . The unit spheres are isomorphic with 
SU(4)/SU(3), so that SU(3) stabilises a spinor *± in both A + and A_, which 
are related by "J- = A(^+). A generalised SU (3) -structure is characterised by 
either of the following: 

• by the datum (g, H, VE^, ^r), where ^r are two unit spinor fields 
which reduce the Spm(6)-structure Pspin(6) to the principal fibre bundles 
p SU(3) L and Psu(3) R respectively. 

• by a principal SU(3)l x SU (3) R-fibre bundle to which the Spin(6,6)+- 
principal fibre bundle associated with E reduces. 

• by a pair (po,Pi) of E-spinor fields whose stabiliser is invariant under a 
group conjugated to SU(3)l x SU(3)r, The spinor fields are implicitly 
defined by 

£(po) = IA^l) ® £(pi) = [*t ® 

Similarly, one can define generalised ST/(m)-structures (see also [40]). Applying 
the operator ^4 <S> *4 to A (g> A yields the other SU(3)l x 5J7(3)ij-invariant pair 
([* ® ^IWL [-A(^) <8 ^4(*)]). In the particular case (subsequently referred to 
as "straight") where ^ l = ^ = ^r, we obtain 

2(po) = [A(V) ® tf] = e- to , fi(pi) = = tt 3 - 

where w is the Kahler form and fl 3 the invariant (3, 0)-form of the underlying 
single Si7(3)-structure. 

Generalised Spin(7) -structures |38| . In analogy with dimension 7, the two 
chiral 5pm(8)-representations A± are of real type, and the stabiliser of a real 
chiral unit spinor field is isomorphic with Spin(7). Hence, a generalised Spin(7)~ 
structure is characterised by either of the following: 

• by the datum (g, H, ^l^r), where ^r are two real unit spinor fields 
which reduce the Spm(8)-structure Pspi n (s) to the principal fibre bundles 
p S P in(7) L and P Sp in(7) R respectively. 

• by a principal Spin(7) l X Spin(7) R-Shre bundle to which the Spin(8, 8)+- 
principal fibre bundle associated with E reduces. 

• by an E-spinor field p whose stabiliser is invariant under a group conju- 
gated to Spin(7)L x Spin(7)R. It is implicitly defined by 

£(/>) = [^0*4 

The spinor field p is even or odd if the spinors are of equal or opposite chirality, 
reflecting the fact that there are two conjugacy classes of Spin(7) in Spin(8), 
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each of which stabilises a unit spinor in Ar + or Ak_ respectively. The straight 
case induces an even spinor given by 

£0) = [*® *] = 1 -n + w g , 

where is the * g -selfdual S , pin(7)-invariant 4-form. If p is odd, the principal 
Spin(7)L- and Spin (7)r— bundle intersect in a principal G2-bundle. In this 
generalised S'pm(7)-structure is locally the £?-field transform of a G2- 
structure on M 8 . 

3 Generalised calibrations 

Next we define a notion of structured submanifold for Gl X G#-structures as in- 
troduced above. In the case of a straight structure, we will recover the so-called 
calibrated submanifolds which were first considered in Harvey's and Lawson's 
seminal work [19]. We recall some elements of their theory first. Throughout 
the Sections 13.11 and 13.21 T will denote a real, oriented, n-dimensional vector 
space. 

3.1 Classical calibrations 

Let (T, g) be a Euclidean vector space and p £ A k T*. One says that p defines 
a calibration if for any oriented fc-dimensional subspace L C T (subsequently 
also referred to as a k-plane), with induced Euclidean volume form tul, the 

inequality 

g(p, txl) < = 1 (9) 

holds with equality for at least one fc-plane. Such a plane is then said to be 
calibrated by p. We immediately conclude from the definition that p defines a 
calibration and calibrates L if and only if * g p defines a calibration and calibrates 
L ± . Moreover, let A £ GL(n). The calibration condition is GL(n)-equivariant 
in the following sense: p defines a calibration with respect to g if and only if A* p 
does so with respect to A* g. If L is calibrated for p, then so is A(L) for A* p. In 
particular, if p is G-invariant, then so is the calibration condition. Therefore, 
calibrated subplanes live in special G-orbits of the Grassmannian Gru (T) . 

A spinorial approach to calibrations was developed by Dadok and Har- 
vey [H], [18] for G2, Spin(7) and further geometries in dimension n = 8m. 
Consider the case of a G%— and Spm(7)-structure on T defined by the unit 
spinor \& . Then 

• any homogeneous component [\& <g> ^S>] p of [\& <S> \£] £ A*T* defines a cali- 
bration form 

• a fc-plane L is calibrated with respect to ['I' <g> 'J] fc if and only if \£ = zul-^. 

If (M, g) is a Riemannian manifold, then a fc-form p £ Vl k (M) is called a 
calibration if and only if p p defines a calibration on T p M for any p £ M . A 
fc-dimensional submanifold j = ]l '■ L M is said to be calibrated, if T p j(L) is 
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calibrated for every p € j(L). If the calibration form is closed, then calibrated 
submanifolds are locally homologically volume-minimising. Here are examples 
of interest to us. 

Example: 

(i) SU (3) -structures: The powers ur/l\ of the Kahler form and Reft, the real 
part of the complex volume form, define calibrations. The submanifolds cali- 
brated by the former are complex (of real dimension 21) and special Lagrangian 
for the latter (of dimension 3). Similar remarks apply to 5't7(m)-structures for 
arbitrary m. 

(ii) G 2 -structures: The G 2 -invariant 3-form tp defines a calibration form whose 
calibrated submanifolds are called associative. The 4-dimensional submanifolds 
calibrated by -kip are referred to as coassociative. 

(hi) Spin(7) -structures: The Spm(7)-invariant 4-form fl defines a calibration 
form. The calibrated submanifolds are the so-called Cayley submanifolds. 

3.2 Generalised calibrated planes 

To carry this notion over to the generalised setup, one is naturally led to replace 
fc-forms by even or odd T © T*-spinors. But what ought to be the analogue of 
fc-planes? A natural object on which B-fields act are the maximally isotropic 
subplanes of TM © T*M . These can be equivariantly identified with lines of 
pure spinors. By definition, purity means that the totally isotropic space 

W T = {x © £ € T © T* | (x © • t = 0} 

is of maximal dimension, that is dim W T — n. The following result is classical. 

Proposition 3.1. ([llj Prop. III. 1.9, p. 140) A spinor r € S± is pure if and 
only if it can be written in the form 

F 

t = c ■ e •zu, 

where c G R/o ; F G A 2 T* and w = 6 1 A . . . A 9 l with 9 l G T* is a decomposable 
form in A l T* . Further, if W T denotes the isotropic subspace in T ffi T* corre- 
sponding to the line in S± spanned by t, then 1 , . . . , 9 l is a basis of W T n T* . 

Definition 3.1. The number rkr = n — dim(M / T n T*) is called the rank of r. 

Remark: The rank of a pure spinor is invariant under -B-field transformations. 
Indeed 

dim(V7 T n T*) = dim (e 2B (W T n T*)) = dim(W e s. T n T*), 
for exp(2i?) acts trivially on T*. 

In other words, we can write W T f)T* = N*L, where N*L denotes the annihilator 
of 

L = Ann w = {X G T\ I L tu = 0}. 
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Therefore, the decomposable part of a pure spinor is unique up to a scalar. 
However, the 2-form F is only determined up to a 2-form F' with F' A zu = 0. 
Put differently, F' belongs to A/| = J(N*L) n A 2 T*, the subspace of 2-forms 
in the A*T*-ideal J(N*L) generated by N*L. Using the metric g, we can 
identify the orthogonal complement A/f with the image of A 2 L* under the 
pull-back map induced by the orthogonal projection pl : T —* L. Hence, 
modulo rescaling any pure spinor can be uniquely written as r = exp(Fo) • w, 
where F = p* L (F) e p* L (A 2 L*) for L = Anntu. 

Definition 3.2. An isotropic pair (L,F) consists of a k-plane L C T and a 
2-form F e A 2 L*. 

To render the correspondence between pure spinors and isotropic pairs explicit, 
we make the following choices: Let again wl denote the induced Euclidean 
volume element as well as its pull-back to T. We then define the pure spinor 
tl = where the Hodge dual is taken with respect to T. The corresponding 
maximally isotropic subspace is Wl — L © N*L. By equivariance, the pure 
spinor 

1~L,F = e P * L{F) • *WL e ^(-l)*, 

then corresponds to Wl,f — exp(2F)WL- To ease notation, we shall simply 
write F instead of p* L (F). For later reference, we let 

[tl,f] = R>oTl,f 

denote the half-line inside S^i^k spanned by tl,f- We say that the isotropic 
pair (L, F) is associated with the pure spinor r, if [tl,f] — [t]. 

Corollary 3.2. There is a Spin(n, n) + -equivariant 1- 1 -correspondence between 

• isotropic pairs (L,F). 

• half-lines of spinors [tl.f]- 

• maximally isotropic oriented subspaces 

Wl.f = e 2F (L(£)N*L). (10) 

The definition of a calibration is this. 

Definition 3.3. Let (g,B) define a generalised metric on T T* . A chiral 
spinor p G S± is called a generalised calibration if for any isotropic pair (L, F), 

• the inequality 

(P,r)<||r|| (11) 
holds for one (and thus for all) t <G [tl,f] and 

• there exists at least one isotropic pair (L, F) for which one has equality. 
Isotropic pairs (L, F) which meet the bound are said to be calibrated by p. 



20 



We usually drop the adjective "generalised" and simply speak of a calibration. 
Condition (fTTj) is clearly Spin(n, n) + -equi variant. Hence p defines a calibration 
which calibrates (L, F) if and only if A • p defines a calibration which calibrates 
(La, Fa) associated with A»tl,f- Furthermore, as Q acts as an isometry for Qg, 
p defines a calibration if and only if Qp does. If (L, F) is calibrated for p, then 
the isotropic pair (Lg,Fg) associated with (— l) n ^ n+1 ^ 2 [GTL,F] is calibrated for 

Qp- 

Our first proposition states this calibration condition to be the formal ana- 
logue of |(9]) and makes the appearance of the generalised metric (g, B) explicit. 
To harmonise with notation used in Section I3.3[ we let j — jh '■ L — > T denote 
the injection of the subspace L into T. The pull-back j* — j* L : A P T* — > A P L* 
is then simply restriction to L. 

Proposition 3.3. A spinor p defines a calibration if and only if for any isotropic 
pair (L,F) with k — dimL, the inequality 

[e~ F A fpf < yJdet(j*(g + B)-F)w L 

or equivalently, 

g(e- F A p, w L ) < ^Jdet (j*{g + B)-F), 

holdE- The bound is met if and only if (L, F) is calibrated. 

Proof: Regarding p as an exterior form, it follows from the remarks above 
that 

[e~ F Aj*p] = g(e~ F A p, tu l )tul 

= *[e~ F A p A -kvoj^voL 
= ~k[p A (e F A -kWL)] n WL 
= {p,tl,f)tz>l- 

The result is now an immediate consequence of the technical lemma below which 
implies ||r LjF || g zu L = Jd&t (j*(g + B) - F)w L . ■ 

Lemma 3.4. Let L be an oriented subspace and a S A 2 T*. Then 



\/g(e a A *za L , e a A *w L )m L = ^ det (j* (g + a)) ru L = yj dct (j*(g - a))za L . 

s In the latter inequality, the determinant is computed from the matrix of the bilinear form 
j* (g + B) — F with respect to some orthonormal basis of L 



21 



Proof: Fix an oriented orthonormal basis e\, . 
Ya=? a t e 2 i-i A e 2 i. Then 

[fc/2] 

^det (r{g -a)) = t[ Jl + tf 



, efc of L such that j*a 



(12) 



\ 



[fc/2] 



1 + E °? + E < 



[fc/2] 



On the other hand 
1 , 



E 



aj^^-i A e 2jl A ... A e 2 j,-i A e 2j! , 



ji<— <ji 



so that 



2; < fc. 



Jl<...<JI 

Summing and taking the square root yields precisely (fl2| . ■ 

Next we show that in analogy with the classical counterpart discussed in 
Section |3~T| the spinors inducing a Gl x Gij-structure define calibrations in the 
generalised sense. In particular, we will recover "classical" calibrated fc-planes 
as a special case. First, we associate with any isotropic pair (L, F) an isometry 
TIl.f, the gluing matrix (this jargon stems from physics, cf. Section liTTj) . To 
start with, let B = and consider the isotropic subspace Wl- We can think 
of this space as the graph of the anti-isometry Pl : D + — ► D~ induced by the 
orthogonal splitting T T* = D + © D~ with isometries ttq± : X e (T, ±5) 1— > 
Z ± G (£ )± ,ff±) (cf. Section |2M|) . Indeed, we have 



= (X(£P L X, X®PlX) = {X, X) + (P L X, P L X) = g+ (X, X)+g-(P L X, P L X). 



If we choose an adapted orthonormal basis ei,...,ejt € L, efc+i 
then the matrix of Pl associated with the basis df 
is 

^=( M o id 

\ -Id n -k 
Pulling this operator back to T via n ± yields the isometry 

TIl = ttoL 1 o P L o 7T 0+ : (T,ff) -> (T,g). 



e„ G 

7ro±(e;) = ei©±e ; of L> ± 
(13) 



(14) 



Its matrix representation with respect to an orthonormal basis adapted to L is 
just (fl3|) . In the general case, Wl,f is the graph of the anti-isometry Pl.f '■ 
V + — > F~ with associated gluing matrix 



7^L,F = TTl 1 O P L . 



F O 7T+, 
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where now tt± : (T,±g) -> V ± = e 2B D ± . Let T = F - j*B, Changing, if 
necessary, the orthonormal basis on L such that T = Y^tii^ fi e 2i-i A e%j, 

ei © fie 2 , e 2 © -fie 1 , e k+1 , ...,e n 



is a basis of e Wl,f by (fT0|) . Decomposing the first k basis vectors into the 
f ± -basis d ■ yields 

2(e 2 i_i © jze 2i ) = 4_ x + /,d+ © ^i_ x - /j^j ^ <fc 
2(e 2i © -/ie 2 '- 1 ) = -//4i-i+4®/^a-i + d 2i' ' 

while 1e l — df © — c? ; ~ for I = k + 1, . . . , n. Written in the new D ± -basis 

w 2i-i = d 2i-i + fi d 2V w tl = -fi d ti-i + d 2i,l<k, wf = d+, I > p on D+ 
w 2l-x = d 2l-x - fl d 2V w 2i = fi d 2i-i+ d 2iJ<k, wT = d~ , I > k on D~ , 

the matrix TZl,f is just (|13p. The base of change matrix for df —> u> ; + is given by 
the block matrix A = (A%, . . . , Ak,id n -k), where for <£^) — * (^ti-ii w 2i)' 

I < k, 

1 fl 
-fl 1 



Ai = 



The basis change w l — > <2j is implemented by £? = (Bi, . . . , Bk, id n -k), where 
for (dy-i^a) -> t«2i)) * ^ fc > 



5/ 



1 -/« 
/i 1 



Computing B o (Idfe, —Id n -k) ° A 1 and pulling back to T via 7r±, we finally 
find 

= ( (r(g-B)+F)(r(g + B)-F)- 1 



VH ^ 9 ^' TI A ^"r^ » (15) 

\ U —J-U n -k J 

with respect to some orthonormal basis adapted to L. 
Proposition 3.5. For any isotropic pair (L,F), the element 

r l (e- B *-p^-) G CM{T,g) 
lies in Pin{T,g). Moreover, its projection to 0(T,g) equals the gluing matrix 

'/v/ . r. 

Proof: Again let e\,...,e n be an adapted orthonormal basis so that T — 
J2\=? fi e 2i-i A e 2 ;. Applying a trick from [5], we define 

arctanJF = arctan(/;)e 2 ;_i ■ e 2 ; 
l 

1 + ifi 



2i 4^ 1 



ifi 



e 2 /-i • e 2/ G spin(n) C Cliff{T,g) 
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and show that 3 ( exp (arctan T) = e~ B • tl,f/\\tl,f\\s G A*T*, where exp 

takes values in Spin(T, g). Since the elements e%-\ • e 2 ;, &im-\ ' e 2m commute, 
exponentiation yields 



garctanJF _ I I arctan(/ fc )e 2m _i-e 2 



n 

(cos (arctan(/ m )) + sin ( arctan(/ m )) e 2m-i ■ e 2m ) 

m 

A _ A \/n 



1 + fl e 2l-i ■ e 2 i + Y,i <r fi ' fr&n-i ■ e 2 z • e 2r -i • e 2r 

1 =r 1 (i + ^+^Aj + ...), 



Vdet(j* 5 -^) 2 



where we used the classical identities cos arctan a; = 1/Vl + % 2 , sin arctan a: 
x/y/1 + x 2 . By Lemma 1374} we finally get 

/v/ arctanJF - ~- \ **/ arctanJF\ A /■» ^ — ; \ — B 1~L,F 



|TL,.F||G 



The projection tt : Pin(T,g) — > 0(T 7 g) via 7r gives indeed the induced gluing 
matrix: Firstly, 

_ /„arctanF j-pr- \ 7r * (arctan F) / s 

Now 

e 7T , (arctan(/ ! )e 2i _ 1 -e 2 ;) _ g 2 arctan(/i )e 2 (-l Ae 2 ; 

= cos (2 arctan(/;)) + sin (2 arctan(/z))e 2 ;_i A e 2 ; 
I-// 2 , 2/, 



r e 2i _i A e 2/ 



-fr\ o i-/f; + ^2/; o j 



which yields the matrix (j*g + J-)(j*g — while the block —Id n -k in the 

gluing matrix is accounted for by the projection of the volume form. ■ 

The fact that e~ B •tl^f/ \\TL,F\\g can be identified with an element of Pin(T, g) 
enables us to prove the following 

Theorem 3.6. Let be two chiral unit spinors of the complex Spin(T)- 

representation A„. The T '©T* -spinors p ev ' od = e B »Re ([^l^^rT"' ) satisfy 
(Pi t l,f) <||tl,f||s- Moreover, an isotropic pair (L,F) meets the boundary if 
and only if 

A(V L ) = ±(-l) m ( m + 1 )/ 2 + k t m ( e - B • TL ' F ) ■ V R . 

\\ t l,f\\S 
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for n — 2m and A± and 

A{^l) = (-i)™(™+ 1 )/ 2 i m + 1 ( e - B . TL ' F ) . y R . 

\\ T L,F\\g 

for n = 2m + 1. In particular, p ev - od define a calibration. 
Proof: Since A *Sl = (*e :F \-mL) A , we obtain 

(e B •Re[y L ®y R ] ev > od ,T L , F ) = (Re[y L (g>y R r' od , e r A *SE) 

= ^Rcg(^(* L ), e/ • * fl ).g(e/,e^Ln7 L ) 
= Req(^(^ L ),e^Ln7 L -* fl ). (16) 

On the other hand, 

e^L^L-^, = (-l) fe( "- fc) (e^L**ro L )-*,v. 

= (-l) fc (»- fe )*( e -^A*ti7 L ).^ 

= (-l) fe(n - fc) (e^A^)-w s -* R 

= (-l) fc ("- fc ) Vdet(j* 5 -^)(e- B . tl.jp) -vjg-^R. 

Recall from the action of on A±. Since e~ s »Tl,f/ \\T~L,F\\g€ Spin(T, g), 
we get 

||e^Ltn L • *ji|| g = Vdet(j* 5 - T) \\e- B . TL > F \\ g ■ \\^ R \\ q = ^/det(j*g - T) 

\\ t l,f\\Q 

(where the norm is taken for the Hermitian inner product q on A n and g on 
T respectively). As a consequence, (flB")) is less than or equal to || tx,j^ || 6 by 
the Cauchy-Schwarz inequality for the norm || • || g . Moreover, equality holds 
precisely if A($l) = {—l) ki < n ~ k \e~ 3 • tl,f) ' • As there always exists a 
subspace L such that A{^r) = wl • we can choose (L,j*B) as a calibrated 
isotropic pair. Hence, the spinor p ev ' od — e B • Re ([^l ® ^ R ] ev ' od ^j defines a 
calibration. ■ 

Example: Consider a G^- or Spm(7)-structure on T induced by the real unit 
spinor \f" . Then (L, 0) defines a calibrated plane for Re ([\P<g> \fr~\ ev - od ^ if and only 
if 

* = -kW L ■ * = H7L ' * 

as vj g acts as the identity on A„ for n = 7, 8. This is precisely the condition 
found by Dadok and Harvey (cf. Section l3Tjl . In general, if L is a calibrated 
plane with respect to some classical calibration form arising as the degree k 
component of p = Re (g> cf>] ev ' od ), the isotropic pair (L,0) is calibrated with 
respect to p in the sense of Definition [53] with -B-field transform (L,j*B), More 
examples will be given in Sections 13.31 and 15.11 In particular, we will see that 
even in a "straight" setting with B = 0, Definition 13.31 is more general as we can 
have calibrated isotropic pairs [L, F) with non-trivial F. 
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3.3 Generalised calibrated submanifolds 

We introduce the notion of a generalised calibrated submanifold next. Let M be 
a smooth manifold with a generalised Riemannian metric V + C E corresponding 
to {g,H). 

Definition 3.4. 

(i) A spinor field p G r(S(E)±) is called a generalised calibration if and only if 
p p G S(E)± p defines a generalised calibration for every p G M. 

(ii) An isotropic pair (L,!F) for (M,g,H) consists of an embedded oriented 
submanifold j = ]l '■ L <^-» M, together with a 2-form T G ft 2 (L) such that 

dF + j*H = 0. (17) 

(iii) An isotropic pair {L,T) is said to be calibrated by p if and only if for 
every point p G j(L) C M and for one (and thus for any) t p in the half-line of 
S(E)± P induced by the pure spinor field 

T L ,r = sr 1 ^ a *wi) g r(s(E)±| L ), 

we have (p p ,tl,f) = |l T pllg- Here, we think of T as a section of A 2 T*M^^ via 
the pull-back induced by orthogonal projection pl ■ TM\j^ — > Tj(L). 

Again, we will drop the qualifier "generalised" and simply speak of a calibration 
form. Also, we will usually think of L as a subset of M and identify L with 

m- 

An easy corollary is the following "form criterion" for an isotropic pair to be 
calibrated. 

Proposition 3.7. An isotropic pair {L,T) for (M,g,H) with k = dimL is 
calibrated if and only if 

g{e-r A&(p),zu L ) <\\r L ^\\g 

or equivalently, 

[e^ A f L £(p)] k < y/detti* L g-F)m L . 

This follows from 

(p, t l ,f) = *[£>(j>) A e- T A *w L ] n = g^ A £(p), w L ), 

while 

\\t l ,M\1= *[£(tl,jO A Q(£(T L ^))] n = g{e F A *w L , A *w~ L ). 

Calibrated isotropic pairs minimise an extension of the volume functional, 
namely the brane energy 

£*„{L,?)= f e~* \\T L> r\\ g - f e-M[e-^A£( 7 )], 
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where 7 is a spinor of suitable parity and <f> € C°°{M) a dilaton field. The 
terminology comes from the local description of the spinor norm HTt^Hg, Let 
C = £(7). These are the so-called Ramond-Ramond potentials (cf. Section l4~2j) . 
Over U a , H\ Ua — dBi a \ so that for a disk D C U a n L, the brane energy is just 
the sum of the two terms 

/ ^\\tl.Ag= I y/det (f L (g - B { a a) ) + F^)w D 
Jd Jd 

and 

/ e-^[e-^Afi( 7 )]= / e" j2[e"- F< ° )+ - B<a> A C] 
Jd Jd 

In physics, these integrals are known as the Dirac-Born-Infeld and the Wess- 
Zumino term of the D-brane energy (cf. |23|) and (|24j) ). 

Definition 3.5. 

(i) Two isotropic pairs (L, T) and (L\ T 1 ) of dimension k are said to be homolo- 
gous, if there exists an isotropic pair (L^T) of dimension k + 1 with dL = L — L', 
J-\l = T and J-\l> = T' . 

(ii) We call an isotropic pair {L,T) locally brane-energy minimising for if 

for any embedded disc D C L and homologous isotropic pair (D',J-') (with D' 
not necessarily embedded into L). 

Theorem 3.8. Let p be a calibration with 

d+p = d4i, i.e. d B e~*Si(fi) = d H e-+Z(i). (18) 
Then any calibrated isotropic pair {L,T) is locally brane-energy minimising for 

Proof: With the notation of the previous definition, let {D, T) be an isotropic 
pair such that 3D = D — D' , T\b = 3~ and T\b* — J 7 ' ■ By Stokes' theorem 

= f j* B [e-? Ad H e-*£(p- 7 )] 
Jd 

Jd 

= / j; S [e~^ aS *e-+£(p-i)], 

J D-D' 

so that 

/ e-^[e-^A£(p- 7 )] = / e"*jj,, [e~^ A Z{p - 7)] . 
Jd Jd 1 
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Since D C L and {L,T) is calibrated, 



/ j D e-^A2(p)}= [ e~* \\r L ^\\ g 
Jd Jd 



by the previous lemma, while for D' , the integral over the norm is greater or 



equal than f D , j* D , [e^e^' A £(p)]. 



Remark: In [26], the equation d^p = d^j was shown to describe type II string 
compactification on 6 or 7 dimensions which are governed by the democratic 
formulation of Bergshoeff et al [6] . 

Examples of calibrations are provided by Gl x G_R-structures: The following 
proposition is an immediate consequence of Theorem [ 



Proposition 3.9. If p £ r(S(E) ± ) is a spinor field such that £(p) = [^l^^r] 
for (chiral) unit spinor fields ^l,r € A(TM), then Re(p) defines a calibration 
form. Moreover, an isotropic pair is calibrated if and only if 



for n — 2m and A±, and 



A(* L ) = ±(-i) m(m+i)/2+fc » T " , l( r, ^, • *«. (i9) 



A(* L ) = (-l) m(m+1)/2 i m+1 ..5 Tl "^ii ' *«• (20) 



/or n = 2m + 1, w/iere ||£(t£,^)|| s = ^/. 9 (£(t l ^), £(r L ,^)) . 



Remark: Equations Ifl9|) and (j20|) reflect the physical fact that calibrated pairs 
"break the supersymmetry": The spinor field tl,t induces a linear relation be- 
tween and (or the supersymmetry parameters in physicists's language, 
cf. Section 14. 1(1 , so that over L we are left with only one independent super- 
symmetry parameter. On the tangent space level, the two G-structures Pg l .r 
inside the orthonormal frame bundle are related by the corresponding gluing 
matrix. 



Examples. By the previous proposition, the E-spinor fields which induce a 
generalised SU (3)-, G2- or Spm(7)-structure, define calibrations. For straight 
generalised £{7(3)-, G%- and 5pm(7)-stnictures (cf. Section [231 . we recover 
some well-known examples coming from physics which involve a non-trivial T . 
We will construct further examples in Section [5] using the device of T-duality. 

(i) Straight SU (3) -structures: Let (M 6 ,g, ^) be a classical S'C/(3)-structure 
whose induced straight SU(3) x 5f/(3)-structure is given by £(po) = e~ luJ and 
£(pi) = n. Starting with the even spinor field, we have Re (£( j o 6 ")) = 1 — uj 2 /2. 
By Proposition 13.71 we find as calibration condition 

i (j> + T) k = y/det(jig-F)w L , (21) 
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which defines so-called B-branes. These wrap holomorphic cycles in accordance 
with results from [30], [32]. Calibrating with respect to Re (£{p od )) = Re(fi) 
yields so-called A-branes defined by 



The calibrated pairs are therefore odd-dimensional. For k — 3, j* L Re fl = vjl is 
the condition for a special Lagrangian cycle. For k — 5 we need a non-vanishing 
T and obtain 



which is the condition found in [30] for a coisotropic A-brane. In the non- 
straight case, Re£(/9 od ) can also contain a 1- and 5-form part. For a related 
discussion on this aspect see Section 4 of [4]. 

(ii) Straight G^-structures: Let (M 7 ,g,^/) be a classical G^structure whose 
induced straight G 2 x G 2 -structure is given by £(p ev ) = l — *(p. The calibration 
condition reads 



A coassociative submanifold satisfies j* L -kip — wl and is therefore calibrated if 
T = 0. For non-trivial F, we find T A T '/2 — j\ * ip = ^/det(j£g — T)wl- Now 
TAT/2 = ¥i{F)uj L and det(j£.g - J 7 ) = 1 - Tr(.F 2 )/2 + det(.F). Squaring this 
shows the equality to hold for an isotropic pair (L, J 7 ), where L is a coassociative 
submanifold and T a closed 2-form with 2Pf(jF) = — Tr(jT 2 )/2, that is, T is 
anti-self-dual (cf. [32]). 

(iii) Straight Spin(7) -structures: Let (M 8 , g, Vt) be a classical S , pin(7)-structure 
whose induced straight Spin(7) x S'pin(7)-structure is given by £(p) = 1 — il + 
w g . Again, Cayley submanifolds are calibrated for T = 0. Further, as in (ii), 
they remain so if turning on an anti-self-dual gauge field T (cf. [32J). 

4 Branes in string theory 

We briefly interlude to outline how in type II string theory the calibration 
condition as presented above arises from both the world-sheet and the target 
space point of view. For a detailed introduction see for instance [27] or [35] . 
The material of this section is independent of the mainstream development of 
the paper. 

Generally speaking, D-branes arise as boundary states in the conformal field 
theory on the string worldsheet. In the supergravity limit, ignoring corrections of 
higher order in a' (the string tension) , they can be described as submanifolds in 
the ten dimensional target space which extremalise a certain energy functional. 
In the special case of type II string compactifications on Calabi-Yau manifolds, 
D-branes can be classified by the derived category of coherent sheaves and the 
Fukaya category for type IIB and IIA respectively. Both notions are connected 



\e~ T A il Re(fi)] k = ^(jlg-T) 
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by Mirror symmetry, which in the case of toroidal fibrations ought to be realised 
through T-duality [36]. 

4.1 World-sheet point of view 

We start with a two-dimensional conformal field theory on the string world- 
sheet £, parametrised by a space-like coordinate s and a time-like coordinate 
t. D-branes arise when considering open string solutions (i.e. where the string 
is homeomorphic to an open interval) with Dirichlet boundary conditions. 

Let us first consider the simplest case without background fields, delaying 
this issue to the end of this section. Varying the world-sheet action on £ (which 
depends on the embedding functions X^ 1 , \i — 0, . . . ,9, taken as coordinates of 
the 10-dimensional target space), we find the boundary term 

^boundary = / 8 S X^SX^. 
JdT, 

There are two kinds of solutions at the boundary of the worldsheet (s = {0, 7r}), 
namely 

dsX^ls^o^ = (von Neumann boundary condition) 

or 

5X^ = X^\ s= o n = const. (Dirichlet boundary condition). 

(22) 

Choosing the von Neumann boundary condition for fJ, = 0, . . . ,p and the Dirich- 
let boundary condition for // = p + 1, . . . , d, we define open strings whose end- 
points can move along p spacial dimensions (the zeroth coordinate parametrising 
time), thus sweeping out ap + 1-dimensional surface, a D(p)-brane. 

Since we are dealing with a world-sheet theory that is supersymmetric, the 
boundary conditions for the world-sheet fermions need to be taken into ac- 
count, too. Without D-branes we start with (1, 1) worldsheet supersymmetry, 
generated by two spinorial parameters, zl.r- The supersymmetric partners of 
the coordinate functions X^ are represented by the set of worldsheet fermions 

R . The boundary conditions for these read 

( - i>L^i>L + i>Rn s i>R) U=o,tt = 0, 

which can be solved by taking i^l^ = i^R/i- However, the fermionic boundary 
conditions are related to their bosonic counterpart by supersymmetry, so only 
one choice is effectively possible. Moreover, the supersymmetry transformations 
between fermions and bosons imply that the supersymmetry parameters are re- 
lated by cr = — 6l- Hence we are left with only one linearly independent super- 
symmetry parameter so that worldsheet supersymmetry is broken to (1,0). By 
convention, a + occurs if the coordinate fi satisfies the von Neumann boundary 
condition. For directions satisfying the Dirichlet boundary conditions we then 
obtain a minus sign, i.e. ipLfi — — V'K/i- These boundary conditions can be suit- 
ably encoded in the gluing matrix 1Z l|14p . relating tpL and ipR via ipL = T^ipR, 72- 
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being the diagonal matrix (with respect to the coordinates fj, = 0, . . . 9) defined 
by +1 in von Neumann and —1 in Dirichlet directions. 

As a consequence of the D-brane boundary conditions, the symmetry group 
on the branes reduces to SO(l,p). After quantisation, the zero mode spectrum 
of the open strings contains a vector multiplet of N = 1 supersymmetry, that 
is, an element of the SO(p — 1) vector representation plus its fermionic counter- 
part. The vector multiplet also transforms under a U(l) gauge symmetry. In 
particular, we obtain a gauge field F - the curvature 2-form coming from the 
£/(l)-connection. More generally, we can take N branes on top of each other 
to obtain a U(N) gauge group, reflecting the fact that we have to include the 
fields from strings stretching between different branes of one stack. In any case, 
including the field strength leads to a generalised gluing condition of the form 
lfT5|) . To see how this happens, consider again the boundary conditions (|22j) . 
First note that the Dirichlet condition is equivalent to d t X^ = 0. Including a 
nontrivial gauge field, or more generally a two-form field-strength background 
J- ', which also includes the background i?-field (cf. section I4.2p , changes the 
boundary conditions into mixed Dirichlet- and von Neumann-type as follows, 

d s X\ aL +g- 1 (dtX^)\ aL = 0, 

where g is the space-time metric and restriction to dL indicates restriction to 
the boundary of the D-brane. 

4.2 Target space point of view 

For type II supergravity theory on M, that is, at the zero-mode level of the 
corresponding string theory, we have the following field content in the so-called 
closed string sector: 

• a metric g, a 2-form B (the B-field) and a scalar function <j> (the dilaton) 
in the NS-NS (NS=Neveu-Schwarz) sector. 

• a mixed form C (the R-R-potentials) in the R-R (R=Ramond) sector, 
which is odd or even in type IIA or IIB respectively. 

In the limit of supergravity, D-branes become non-perturbative objects and 
belong thus to the background geometry where they can be conceived as sub- 
manifolds of the 10-dimensional target manifold M. In this picture, H is given 
locally as the field strength H = dB. 

On the other hand, the open string sector leads to an effective field theory 
on the world-volume of a D-brane. If L denotes the corresponding submanifold, 
this field theory is given by the Dirac-Born-Infeld action 

W£, F) = -N J e-*y/det(j* L g - F), (23) 

where as above N denotes the number of branes in the stack and T = F — j* L B 
with F the field strength of the U(l) gauge theory living on the brane. In 



31 



particular, d{T + j* L B) = 0. Moreover, D-branes act as sources for the R-R 
fields and couple to these via fj, J L C {p+1 \ where fj, is the brane tension. This 
term is referred to as the Wess-Zumino action and in general looks like 

Izw(L,F) = NnJ e-^A j* L C. (24) 

Note that type IIA and IIB supergravity are related under T-duality. Under 
this transformation, the metric and the B-field of type IIA and IIB are mixed 
according to the Buscher rules [10] (see next section). Moreover, with respect to 
D-branes, T-duality exchanges the even and odd R-R-potentials and modifies 
the boundary conditions (f!4|) in such a way that Dirichlet- and von Neumann- 
conditions are exchanged. This leads to an exchange of D-branes of odd and 
even dimension. Whether the dimension of a brane increases or decreases de- 
pends on the direction in which the T-duality transformation is carried out. If 
T-duality is performed along a direction tangent to the brane, the dimension of 
the transformed brane will decrease, while a transformation along a transverse 
direction increases the dimension. The mathematical implementation of this 
will occupy us next. 



5 T-duality 

5.1 The Buscher rules 

T— dual generalised Riemannian metrics. In this section we show how 
the Buscher rules arise in the generalised context. This parallels work in the 
generalised complex case [2], |24j . 

Consider the vector space T©T* = M"®R™* with a metric splitting V + ®V~ 
corresponding to (g, B). Further, consider a decomposition T = M.X © V, where 
A is a non-zero vector. We define the 1-form 8 by 9(X) = 1, ker6* = V and 
obtain the element 

M = X © -6 e Pin(n, n). 
Projecting down to 0(n,n) gives 



M = (Id v +0^)®(Id N ,R X +X^ 



I Id v \ 

1 

IdN*BX 

V 1 o j 



A B 
C V 



Here (9* : T -> T* sends X to 6, 6»t(V) = 0, and X^ : T* -> T sends 6 to X, 
X^(N*RX) = 0. 

Definition 5.1. The T-dual generalised Riemannian metric is given by V +T = 
M{V+). 

In terms of the corresponding pair (g T ,B T ), the transformation can be ex- 
pressed in adapted coordinates as follows. 
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Proposition 5.1. Extend X to a basis x\ , . . . , x n —\ , x n = X with xi € V, 
i = 1, ... ,n— 1, whose dual basis isi 1 ,..., a;™ -1 , ai n = 6*. Lei and -B^z fee i/ie 
coefficients of g and B with respect to this basis. Then the coefficients of g 1 and 
B T are given according to the Buscher transformation rules (cf. also [20], [21] 
or the appendix in [29]), namely 

9ki = 9M - -^(gkndnl - B kn B n i), g J n = -L-B kn , g nn = — 

Bfsl = Bkl + -^{gknBln — B kn gi n ), Bj n = — Sfcn- 

Proof: The elements of V +T are given by Y P +T Y = AX + BP+X&CX + 
VP+X for X 8 P + X e V+, hence P +T = (C + VP+){A + BP+)' 1 . Writing 

9 a \ ( B 
a tr q J \ ~f3 tr 



we obtain 



and 



Consequently, 



P + = g + B = 

{A + BP+y 1 -- 

(C+VP+) 



Id 

■(a-0) tr /q l/q 



g + B a + (3 
1 



, g + B-(a + p)(a-PY r /q (a + {3)/q 
~ -{a-Pr/q l/q ' " ■' ' 



+ T 



that is, 



and 



+T _ , g-(aa tr -PP tr )/q 0/q 
1 P tr /q l/q 



+t _ ( B + (a(3 tr - /3a tr )/q a/q 
-a tr /q 



B 

whence the assertion. ■ 

T— dual spinors. For p <E S±, its T-dual spinor is 

p T = M • p. 

If the collection of chiral spinors pi,...,p s defines a generalised Gj, x Gr- 
structure, that is, their stabiliser in Spin(n,n) + is Gl x Gr, the collection 
pj,...,pj induces the T-dual Gl x G_R-structure associated with the conju- 
gated group A4(Gl x Gr)A4. In particular, equivariance implies the induced 
generalised Riemannian metric to be given by (g T , B T ), whence G T p T = (Gp) T ■ 

Remark: Note that T-duality reverses the parity of the spinor. This reflects 
the physical fact that T-duality exchanges type IIA with type IIB theory and 
hence maps odd R-R potentials into even R-R potentials (cf. Section . 
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The operator M. also maps pure spinors to pure spinors. More concretely, 
if t is pure with annihilator W T , then t t = Ai • t is pure with annihilator 
M.{W T ). Hence, T-duality associates to any isotropic pair {L,F) a uniquely 
determined T-dual isotropic pair (L T ,F T ) specified by the condition [t t ] = 
[t l t f t]. Further, M is norm-preserving in the sense that for reS±,we have 
||r T ||g T = ||r||g. Therefore 

{p,r}<\\r\\g ifandonlyif (p T , r T ) <||t t ||^ t , (25) 

and equality holds on the left hand side if and only if equality holds on the right 
hand side. 

Proposition 5.2. A spinor p £ S± defines a calibration for the generalised 
Riemannian metric (g, B) on T © T* if and only if p T — M. • p defines a 
calibration for the T-dual generalised metric (g T ,B T ). A (calibrated) isotropic 
pair (L,F) corresponds to a uniquely (calibrated) isotropic pair (L T ,F T ). The 
rank of t l t f t is given as follows: 

• If X £ L, then rkr^T^T = rkrxj? — 1- 

• If X ^ L, then rkr^T ^T = rkr^ j? + 1. 

Proof: In virtue of the preceding discussion, only the last assertion requires 
proof. By definition of the rank (cf . Proposition 13. ip , 

rkr L T F T = n~dim(M{W LjF )r\T*) 

= n-dimM(W L ,FnM{T*)) 

= n- dim (Wl,f n (MX © 7V*RX)) 

= n - dim (W L n (RX N*RX)) , 

where for the last line we used that Xi_F £ N*L if and only if Xi_F = 0. 

Now suppose that X £ L. In this case, L = RX (B L (IV, hence we may 
choose a basis x%, . . . , x n of T such that x\ = X, xa,...,Xk generates L n V, 
and X2, ■ ■ ■ , X n generates V. Let x , . . . , x n denote the dual basis. Hence 9 = x 1 
and 

k n 

W L = L®N*L = {o}X + Y j a i Xi® 

i=2 j=k+l 

The intersection with RX © N*RX is spanned by X, x k+1 , . . . , x n , so that 
rkr^T = n — k — 1 = rkr^j? — 1. 

Next assume that X £ L. Then there exists a basis x\ — X,X2, ■ ■ ■ , x n of 
RX V such that L is spanned by cX + X2, ■ ■ ■ , Xk+i (possibly c = 0). Again 
8 = x , and 

fe+l n 

W L = L®N*X = {a 1 (cX + x 2 ) + ^2a l x l ®b(9-cx 2 )+ b % x 1 }. 

i=3 j-k+2 

The intersection with RX N*RX is now spanned by x k+2 ,...,x n , hence 
rkr^T^T = n — k + 1 = rkr^.i? + 1. ■ 
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Example: Consider a G2-structure on T 7 . As we learned from the examples 
in Section 13, 3^ an isotropic pair (L, F) consisting of a coassociative subplane 
L and an anti-self-dual 2-form F is calibrated by p = 1 — *<p. Now choose a 
vector X E L and a complement V so that T = RX © V. Then (L T , F T ) is a 
calibrated pair with L T of dimension dim L — 1 = 3. On the other hand, choosing 
a vector X $ L yields a T-dual calibrated pair with a 5-dimensional plane L T . 
In particular, we see that calibrated isotropic pairs of "exotic" dimension (in 
comparison to the straight case, e.g. 3 and 4 for G2) can occur. 

5.2 Integrability 

In this section, we discuss a local version of T-duality over M = R n (now seen 
as a manifold) endowed with a generalised metric (g,H = dB). The induced 
generalised tangent bundle E(if) — > R" is equivalent as a vector bundle to 
TW 1 © T*R™ , but inequivalent from a generalised point of view if H ^ 0, as this 
implies twisting with a non-closed 5-field (cf. also Section l2.1.2p . Fix a dilaton 
field 4> so that v = exp(20)i^ g . Further, let X be a nowhere vanishing vector field 
transversal to the n— 1-dimensional distribution V so that T p M. n = RX(p)(BV(p). 
This determines the 1-form 8 and hence the operator M = X © —6 on S(E). 
T-duality induces a map M : Q ev ' od (R n ) -> Q° d > ev {W l ) = S T (E(i? T )) (where 
the last isomorphism is induced by £ yT , the isomorphism between spinors and 
differential forms associated with H T — dB T ) defined by 

M(a) = e BT AM.e B • p. 

The T-dual dilaton field (f) T is defined by 

v = exp(20 T )i^ s T. 
Proposition 5.3. The dilaton transforms under the Buscher rule 

^ T = ll^ll • 

Proof: Let q =||X|| 2 . It suffices to show that v g — q- v g -x . This is a tensorial 
identity and can be computed pointwise. At a given point p, we may assume that 
V is spanned by d x i(p), i < n — 1, and X(p) = d x n for coordinates x 1 , . . . , x n . 
By Proposition 15.11 g J (p) = A tr o g(j>) o A, where A € GL{n) is given by 

A-( ~ ° ^1 

\ (P-a^/q l/q J' 

The claim follows from v g y{p) = dstA" 1 ■ v g (jp). ■ 

Example: Consider the spinor field p defined by & Vs (p) — © *] od , where 
^ comes from an ordinary G2 -structure. The T-dual spinor field p T induces 
also a generalised G2-structure and is therefore determined by £,' /gT (p T ) = 
£* T (p T ) =e"* T [^J©^] 0<i . 
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Under additional assumptions, T-duality also preserves closeness of spinor 
fields. 

Theorem 5.4. Assume that (g, B, <fi) are X-invariant, that is Cxg = 0, CxB = 
and Cx4> — 0. Further, assume that Cx® — 0. If p and tp are two E(-ff)- 
spinor fields such that Cx£ u {p) and Cx& u {<p) — 0, then d v p = ip if and only if 
d v p T = —(f T , that is 

d H £ v {p)=£ v {y) if and only if d H r £ vT (p T ) = -£ vT ((p T ). (26) 

Proof: Fix coordinates x 1 ,. . . ,x n so that v — e 2 ^^d x i A ... A 9 X » with (fix — 
4> — m(detx <?)/4. The subscript x reminds us that this quantity depends upon 
the choice of coordinates. It is invariant under T-duality in the sense that 
<fix = <fi T — ln(det x g )/4 = </>J. By definition, d u p = cp is then equivalent to 

de-^p = e - %>. (27) 

Let 

p = pa + 6 A pi , ip = ipo + 6 A ipi 

be the decomposition into basic forms, that is, Alpo,i = and Xl^o.i = 0. 
The assumptions imply that Cx£ v {p) = e~*exp(— B) A Cx{p) = 0, whence 
X\_dpo y i = 0. Analogously, Xi_d<po,i = holds. Therefore, <[27|l is equivalent to 

<p = -d&xA pa + dpo + d9 A pi, ipi = dcfi^ A pi - dpi. (28) 

For the right hand side of (J26J) , we find 

-^ = -#jApJ"+dp^"+^Ap7, -<pj =d$lApJ -dpj, (29) 

where 

p T =pJ + 9A P J=M*p= -(Xl+6»A)(po + 6> A p x ) = -pi - A p , 

and similarly for ip T . As </>J = <jf>s, we deduce from this that l|29p is equivalent 
to JUJ) and thus to |(27|). ~ ■ 

Example: To illustrate the theorem we take up the previous example where 
in addition we assume: (i) the (^-invariant 3-form ip is closed and coclosed 
(ii) there exists a vector field X of non-constant length such that CxP = 0. 
In particular, X defines a Killing vector field. Local examples of this exist in 
abundance, cf. for instance pp. Since £^(p) = [v& <£> ^] od is closed, so is the 
T-dual £" T (p T ) = e'^ [^l<S)y>] t } od . Since ip is also co-closed, the same holds 
for the even spinor field Q(p) and its T-dual. Hence 

d H Te-* T {* T L ®*l] = 0, (30) 

that is, the generalised G^-structure is integrable [25], [38] , where equation (|30jl 
was shown to encode the supersymmetry variations of type II supergravity. In 
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particular, this implies H T ^ 0, for <fi T = —In \\X\\ is not constant. Although 
we started with B = and <j) = 0, the Buscher rules imply that we acquire a 
generalised G2-structure with non-trivial B- and dilaton field on the T-dual 
side. 

Since being a calibration is a pointwise condition, it follows from lj25]) that 
this property is preserved under T-duality. Similarly, one would expect cal- 
ibrated isotropic pairs to transform under T-duality in the vein of Proposi- 
tion 15.21 However, two problems may occur: Firstly, if (L, J 7 ) is calibrated by 
p, the rank of jr is not constant in general, which prevents this spinor field 
to be induced by an isotropic pair. In view of Proposition 15.21 we either need 
to restrict L to the open subset for which X £ T p L, or to assume X G T(TL). 
Secondly, if there is a pair (L' ' ,!F') such that [tJ = [tl^jf'], it might not be 
isotropic, that is, we possibly have dT' + j1>H T ^ 0. This requires to rephrase 
the isotropy condition on the pair in terms of integrability conditions of the 
induced pure spinor field. 

Definition 5.2. Let E — > M be a generalised tangent bundle and v a triviali- 
sation of A n TM. A pure spinor field half-line in S(E)± is called integrable if 
and only if it admits a d v -closed representative of constant rank. 

By abuse of language, we also refer to the representative as integrable. 

Lemma 5.5. Let {L,T) be an isotropic pair for (R",i? = dB). Then locally, 
[ t l,f\ is induced by an integrable half-line, that is there exists an open set U C 
K and an integrable pure spinor field r G S(E)|j/ with [rij/pj,] = [tl,t\uc]L\- 
Furthermore, if LxB — and X is a vector field either transversal to L, or 
contained in TL with Cx3~ = 0, then r can be constructed to satisfy Cx£ v (j) — 
0. 

Conversely, an integrable pure spinor field t over ffi." gives locally rise to a 
foliation into isotropic pairs (Lr_,Tr) such that [t^J = [tl^^] 

Proof: Let us start with the converse. Restricting r to some open subset U, 
we can write £"(r) = exp(^ r ) A w with T T G tt 2 (U) and u = 9 1 A . . . A 9 n - k , 
qi g j l *u_ Closeness is equivalent to 

dm = 0, {dT T + H) A w = 0. (31) 

By Frobenius' theorem, the smooth distribution Annro = {Y G X(U) \ Yi_tu = 
0} is thus integrable. Hence, on U there exist coordinates y , . . . ,y n (possibly 
upon shrinking U) such that for r G W l ~ k and p E L L = {p G U \y l (p) = r l , i — 
k + 1, . . . ,n}, one has T p Lr = Anntu(p). Further by pTjl. dT T + H G Afl r , 
the space of 3-forms of the ideal in fi*(R n )| L2 . generated by N*L L C T*R^ L ~. 
Consequently, defining T T — j* L T T , 

dT L + jl^H = j* L JdT T + H)=0. 

By construction, (J- t \l,, — A uj — 0, hence \j~\L r ] = \j~L r ,F r ] for suitably 
oriented L r . 
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Now consider the isotropic pair {L,T). We can fix around peLa coordinate 
system y 1 ,. .. ,y n on U C R™ with L = {y k+1 = ... = y n = 0}. Define the 
closed 2-form Fl = {T + j^B)\ unL , which we extend trivially to a 2-form F on 
U, that is, F(p) = F(p 1 , . . . ,p n ) = F L (p\...,p k ,0,...,0). Set T = F - Bp 
and let r G S(E) be determined by £"(t) = e T A <% fe+1 A ... Ady n . Then 
[ T |(7ni] — bi^li/ni]- We claim r to be d^-closed. Indeed, this is equivalent to 

(cLF + H\u) Adx k+1 A...Adx n = 0, (32) 

hence to dF A dy k+1 A ... A dy n = 0. But this holds on L, hence on U for 
we extended F trivially. In particular, j'£ (eLF + = using the previous 
notation, so the pairs (L L , Tl t ) are isotropic. If X is a vector field transversal 
to L, we carry out this construction with a coordinate system which in addition 
satisfies d y n = X. Then £ v (t) does not depend on y n for CxJ~ = 0, hence 
Lx£ v {t) — 0. On the other hand, if X restricts to a vector field on L, we can 
fix a coordinate system with d y i = X and L — {y k+1 = . . . = y n = 0}. Again, 
t is X-invariant as CxJ~ =0. ■ 

We are now in a position to prove 

Theorem 5.6. 

(i) The spinor p S r(S(E(i?))±) defines a calibration for (g,H = dB) if and 
only if p 1 G r(S(E(i/ T ))-|-) does so for (g ,H = dB T ). Furthermore, if 
dcpp = d^j under the assumptions of Theorem \5.4\ then the calibrated isotropic 
pairs for p and p T extremalise the functionals and £^t ~t respectively. 

(ii) Under the assumptions of (i), let (L,T) be a calibrated isotropic pair. If 
X(p) T p L for some p £ L, there exists a calibrated isotropic pair (L T , JF T ) 
with 

• p 6 L T and dimi = dimL + 1 

On the other hand, if X 6 T(TL) and CxJ~ = 0, there exists a calibrated 
isotropic pair (L T ,J- T ) with 

• p G L T and dimL T = dimL — 1 

• [r L r^{p)]^[rlAp)]- 

Remark: The dimension shift coincides with expectations from physics, cf. 
Section 1431 

Proof: In virtue of the preceding discussion and Theorem I5.4[ only assertion 
(ii) requires proof. By the previous lemma, we can locally extend [tl,f] to 
an integrable pure spinor field half-line [r] with Cx&{t) = and d^r = 
(on U, the domain of t). Consequently, cLtt t = by Theorem 15.41 If X is 
transversal to L, then X TL L . Hence r is of constant rank rk(r) + 1 and 
therefore integrable on U. Appealing to the converse of the lemma, we deduce 
the existence of the isotropic pair (L T , T T ). The rest follows analogously. ■ 
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Example: We saw that if (M, ip) is a classical G2-manifold with G2-invariant 
spinor 'J, all calibrated submanifolds L give rise to calibrated isotropic pairs 
(L, T = 0). If Cxf = and X is transversal or restricts to a vector field on L, 
we obtain a calibrated isotropic pair (L T , T T ) for the non-straight generalised 
G 2 -structure ® ty] odT by choosing some distribution complementary to X 
with CxQ = 0, which locally is always possible. 
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